In this paper we present a new and elementary approach for proving the main results of Katz (1996) using the Jordan-Pochhammer matrices of Takano and Bannai (1976) and Haraoka (1994) . We nd an explicit version of the middle convolution of Katz (1996) that connects certain tuples of matrices in linear groups. Our approach is valid for elds of any characteristic and it can be shown that this operation on tuples commutes with the braid group action. This yields a new approach in inverse Galois theory for realizing subgroups of linear groups regularly as Galois groups over Q: This approach is then applied to realize numerous series of orthogonal and symplectic groups regularly as Galois groups over Q: In the appendix we treat an additive version of the convolution.
Introduction
In his book Rigid Local Systems Katz (1996) studies ordinary complex di erential equations. Every n-th order equation S yields a tuple T of matrices in GL n (C) arising from analytic continuation of the local solutions at the base point along simple paths around the singularities of S: The tuple T plays an essential role in the study of the solutions of S; see Katz (1996) .
It is well-known that if S is free from accessory parameters then T is determined (up to simultaneous conjugation in GL n (C)) by the Jordan canonical forms of its elements, see Simpson (1990) or Katz (1996) . Those tuples T are called physically rigid in Katz (1996) or linearly rigid in Strambach and V olklein (1999) . This property of T imposes strong conditions on the behaviour of the solutions of S:
The best studied examples of Fuchsian systems are the generalized hypergeometric di erential equations (see Beukers and Heckman (1989) , Levelt (1961) and Sasai (1992) ) and the Jordan-Pochhammer di erential equations (see Haraoka (1994) , Pochhammer (1870) and Takano and Bannai (1976) ) which are free from accessory parameters. We call the corresponding tuples Levelt triples respectively Jordan-Pochhammer tuples. One of Katz (1996) main results is an algorithm to test the existence of a linearly rigid tuple in GL n (C) (whose elements generate an irreducible subgroup) by means of the Jordan canonical forms of its elements; allowing a systematic study of Fuchsian systems which are free from accessory parameters.
The main ingredient of the Katz existence algorithm is a middle convolution functor of the category of perverse sheaves which translates to an operation on tuples in linear groups, see Katz (1996) , Chap. 2 and 3. This operation preserves irreducibility and linear rigidity but changes the dimension. In Section 2 we give a purely algebraic analogon of this functor. We call it the convolution functor. The essential ingredient is that there are explicit matrices de ned over an integral ring over Zfor the Jordan-Pochhammer tuples computed by Takano and Bannai (1976) . The idea is to replace the scalars which occur in these normal forms by suitable matrices. In Section 2 and 3 we prove fundamental properties of this functor, reproving many of Katz results in a more general setup. In Section 4 we show that Katz existence algorithm can be generalized to elds of arbitrary characteristic. In Section 5 we study further properties of the convolution functor. We show that the convolution functor is compatible with dualization and the braid group action on tuples.
Similar results are obtained by V olklein (1999) using braid group techniques.
In the last section we apply the results developed in Sections 2-5 to the inverse Galois problem (see Malle and Matzat (1999) and V olklein (1996) for this topic) and get regular Galois realizations over Q for families of nite orthogonal and symplectic groups:
So far the only known results for orthogonal groups were for a prime eld. For an overview of the results see Malle and Matzat (1999) or Reiter (1999) . Here we prove that the groups PSO 2m+1 (q); PGO + 2m (q) and PGO ? 4m+2 (q) appear regularly as Galois groups over Q if q is odd and m > q: In the symplectic case we generalize results of Thompson and V olklein (1998) to prove that the groups PSp 2m (q) occur regularly as Galois groups over Q if q is odd and m > q:
In the proof we make use of the following unifying approach for the realization of subgroups of linear groups, based on the convolution: One starts with a subgroup H GL m (q) of a linear group of low dimension (where the braid group action can easily be computed) and then applies a suitable sequence of convolution and scalar multiplication to end up with groups G GL n (q) with m << n (where usually the computation of the braid group action is nearly impossible). In most cases the braid group action on the tuples in H and on the corresponding tuples in G is the same, since the convolution respects the braiding action (for example if both H and G are selfnormalizing in their corresponding linear groups). A (regular) Galois realization of H; obtained by rigidity or the braid group action on tuples (see Dettweiler (1999) , Fried (1977) , Fried and V olklein (1991) , Matzat (1991) , Malle and Matzat (1999) and V olklein (1996) for this) implies then a realization of G or the corresponding projective group G=Z(G) (if some natural conditions on the used scalars are ful lled and the normalizer of H in GL n (q) behaves nicely).
For example one can start with a (linearly rigid) r-tuple in GL 1 (q); apply the convolution to it and end up with a rigid r-tuple in GL r?1 (q): These tuples are modular Jordan-Pochhammer tuples, called Thompson tuples in V olklein (1998) . They were used in V olklein (1998) to realize the groups GL 2m (q) regularly as Galois groups over Q if q < 2m and q is odd. Applying the convolution to this tuples again, one can recover the tuples of Dettweiler and Reiter (1998) which were used to realize the groups GL 2m+1 (q) if q < 2m and q is odd.
In our case we apply these methods to tuples in the dihedral group and the generalized quaternion group, considered as subgroups of GL 2 (q). Here the braid group acts as an elementary abelian 2-group. In this case a criterion of Matzat (1991) , together with the above described process, yields the above mentioned Galois realizations.
In the appendix we indicate a proof of the additive version of Katz algorithm. This was motivated by Kostovs work on the Deligne-Simpson problem, see Kostov (1999) .
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De nition of the convolution functor
In this section we de ne a functor of the category of modules of the free group F r on r (r 2 N) generators, using the explicit normal forms of the monodromy generators of the Jordan-Pochhammer equations computed by Takano and Bannai (1976) . It turns out that this functor has all the properties of the middle convolution functor MC in Katz (1996) , Chap. 5, thus we will call it the convolution functor.
Notation 2.1. Let K be a eld and M be a K-vector space. We call T := (T r ; : : :; T 1 ) 2 GL(M) r an (r-)tuple in GL(M): If T is a tuple we denote by hTi the subgroup of GL(M) generated by T r ; : : :; T 1 : If T is a tuple in GL(M) then we set T 1 := T r T 1 :
We write E n for the identity matrix in GL n (K): If v is an element of K n m we denote by v For a geometric interpretation of Rep(C F r ]) in terms of local systems see Katz (1996) , Chap. 1.
We call T (absolutely) irreducible if (T; M) is an (absolutely) irreducible module.
In the following we always take V := K n (where K n denotes the n-dimensional space of column vectors) and view it as a module (A; V); where A is a xed r-tuple in GL n (K):
We start with a generalization of the well-known normal forms of the Pochhammer tuples computed in Takano and Bannai (1976) (see also Haraoka (1994) ) in the 1-dimensional case where A i 2 K :
De nition 2.1. For 2 K (and A as above) we de ne a tuple G = (G r ; : : :; G 1 ) in GL rn (K), where G i is the identity block matrix outside the i-th block row and is of the following form: We now determine two hGi-invariant subspaces K and L in V r (where V r mod K corresponds to M(1; F) and V r mod K + L corresponds to M(1; F)=M(1; F) I(1) in Katz (1996) We now show some properties of the spaces K; L and the convolution, which will be Proof. (a) The rst part follows from the matrix representation of the G i : The second claim follows from the following identity (that is obviously true for = 1, so we can One of the main properties of the convolution functor is that it preserves irreducibility under some natural restrictions. This property follows from the multiplicativity of the convolution functor (see Theorem 3.1 below) as noted in Katz (1996) We say that V satis es ( ) if U i ( ) = V; i = 1; : : :; r; 8 2 K : Note that in this case we also have U r+1 = V: Remark 3.1. The spaces U i ( ); i = 1; : : :; r; and U r+1 are hAi-invariant. The conditions ( ) and ( ) are always ful lled if V is irreducible and dim(V) > 1; or dim(V) = 1 and there are at least two non trivial elements in A. This is similar to the condition on the category T an (U; ?) in Katz (1996) , Chap. 5.10. Proposition 3.1. Let = 1 and U r+1 = V: Then the modules MC 1 (V) and V are isomorphic. 
Proof. We can assume 1 ; 2 6 = 1 by Proposition 3.1. Let M := MC 1 (V) and G i the transformation of M induced by G i ; i = 1; : : :; r: Let
The claim follows from (i) The claim on ( ) follows immediately from the de nitions. 2
Now we come to the multiplicativity of the convolution (see also Katz (1996) induces the desired module isomorphism : MC 2 (MC 1 (V)) ! MC 2 1 (V): We can assume 1 6 = 1 and 2 6 = 1 by Proposition 3.1. Let
We have
where the rst equality follows from Lemma 3.1 and the second from Lemma 2.3. By de nition (see Lemma 2.1) we get K 2 = ker( ) (note that L r 1 K 2 ): Moreover we have
by the de nition of K 1 and
by Lemma 2.2 (a) and Remark 2.1 Note that the map is surjective (by the de nition of G i and Proposition 3.2). We have
proves that is an isomorphism of vector spaces. As in the proof of Thm. 2.9.8 in Katz (1996) we get the The other direction follows now from Theorem 3.1. 2
Katz existence algorithm
In this section we outline Katz existence algorithm for linearly rigid tuples, see Katz (1996) , Chap. 6. It should be remarked that our approach yields the existence algorithm for general elds K while Katz only works in characteristic zero.
The next lemma shows the relation between the Jordan canonical forms of two tuples connected via convolution. This is analogous to Katz (1996) , Chap. 6.0. Proof. This follows from the above Lemma and Lemma 2.2 as in Katz (1996) , Chap. 6.0, since the proof in Katz (1996) depends only on numerical data of the Jordan canonical forms of A i and G i . 2
De nition 4.1. (Katz) Let T be an irreducible tuple in GL n (K) such that T 1 = 1:
the index of rigidity.
Corollary 4.2. If V satis es ( ) then the index of rigidity is preserved by application of the convolution.
Proof. This follows from Lemma 4.1 and Lemma 2.2 as in Katz (1996) The last result was proved by Deligne in Simpson (1990) , Lemma 6 and by Katz (1996) , Thm. 1.1.2, in characteristic zero. The general case was proved in Strambach and V olklein (1999) The following theorem is one of the main results in Katz (1996) , see Chap 5.2, respectively Lemma 6.3.7:
Theorem 4.1. Any irreducible linearly rigid tuple in GL n (K) is connected to a tuple in GL 1 (K) by an iterative application of multiplication and convolution.
Proof. We show that for any linearly rigid and irreducible tuple T = (T r ; : : :; T 1 ); T 1 = 1; in GL n (K); n 2, there are i 2 K such that
We set n i = minfrk( i T i ? 1) j i 2 Kg: Since
we get r X i=1 n i < (2n 2 ? 2)=n < 2n:
Let := 1 r : By Scott's Lemma we know 6 = 1: Applying the convolution with ?1 to the tuple ( r T r ; : : :; 1 T 1 ) we get a linearly rigid irreducible tuple in dimension n 0 < n by Corollary 4.1. 2
Remark 4.1. Katz (1996) uses the above arguments to give an explicit algorithm to test the existence of irreducible linearly rigid tuples in terms of the Jordan canonical forms of their elements, see Katz (1996) , Chap. 6. Since the above results do not depend on K it follows that the Katz existence algorithm holds for general algebraically closed elds.
Let T be a tuple in GL n (K) and L be the eld extension of K arising from adjoining the eigenvalues of the elements T 1 ; : : :; T r ; T 1 to K: It follows from the above proof that if T is an absolutely irreducible and linearly rigid tuple in GL n (K) then T is connected to a tuple in GL 1 (L) by an iterative application of multiplication and convolution using only scalars in L:
Remark 4.2. Linearly rigid tuples can be used to obtain regular Galois realizations over Q for classical groups of Lie-type via the Rigidity Criterion (see Malle and Matzat (1999) , Thm. I.4.11). The main examples are:
(a) GL 2m (q) and GU 2m (q) if 2m > q; q odd, using the modular Jordan-Pochhammer tuples in V olklein (1998) (there called Thompson tuples).
(b) GL 2m+1 (q) and GU 2m+1 (q) if 2m + 1 > q; q odd, using the tuples of Dettweiler and Reiter (1998) .
(c) classical groups of Lie-type over a prime eld F p under some congruence restrictions on p using modular Levelt triples, see for example Reiter (1999) (there called Belyi triples).
Further properties
In this section we investigate further properties of the convolution functor which will be crucial for our applications to Galois theory in Section 6.
Firstly we show that the convolution is compatible with the braiding action, dualization and inversion:
The Artin braid group B r is generated by elements 1 ; : : :; r?1 which satisfy the relations Proof. This follows immediately from the de nitions of K V and L V : 2
Motivated by Katz (1996) , page 46, we prove that the functor MC preserves duality: The following remark in Beukers and Heckman (1989) , Thm. 4.8, is useful to decide whether a tuple generates a nite group (see Beukers and Heckman (1989) and Haraoka (1994) ).
Remark 5.2. Let the matrices A i be de ned over Z ]; where is a root of unity. Then the group hAi is nite if and only if X is positive de nite for all in Gal(Q( )=Q): Remark 5.3. The signature of the Hermitian form was computed for the Levelt triples corresponding to the hypergeometric equations n F n?1 in Beukers and Heckman (1989) and Sasai (1992) .
Applications to Galois theory
In this section we apply the methods developed in Sections 2-5 to tuples in dihedral and generalized quaternion groups which lead to Galois realizations of orthogonal and symplectic groups in odd characteristic. The even characteristic case is more involved and will be treated in a forthcoming paper.
The main results of this section are the following two theorems: Thompson and V olklein (1998) under the additional restrictions that q is a square, or m is odd and q 3; 5 mod 8; or m is even and q 5; 7 mod 12:
In the rest of this section we will prove the above theorems. We start with some preliminary de nitions:
Remark 6.1. The pure braid group B r is the kernel of the map B r 7 ! S r ; i ! (i; i + 1) and is generated by the elements ij = i j?2 (1) ) (here we set C i := fX i j X 2 Cg). De nition 6.2. Let T be a tuple in GL n (q); such that T 1 is a scalar matrix and hTi is absolutely irreducible. We say C(T) is GL n (q)-stable if all X 2 N GLn(q) (hTi) with C X i = C i are in Z(GL n (q)) hTi for i = 1; : : :; r:
The tuples in the following lemma will play an essential role in the proofs of Theorems 6.1 and 6.2: Lemma 6.1. Let T := (T r ; : : :; T 1 ) be a tuple in a dihedral group D 2(q 1) = GO 2 (q) (respectively generalized quaternion group Q 2(q 1) Sp 2 (q)) in GL 2 (q) consisting of two outer involutions T 1 ; T 2 (respectively two outer elements of order four T 1 ; T 2 ) and k inner semisimple non central elements T 3 ; : : :; T k+2 and r ? (k + 2) central involutions, such that T 1 = ?1 and hTi = D 2(q 1) respectively Q 2(q 1) :
(a) N(T) is a single orbit under the pure braid group of length 2 k?1 :
(b) The stabilizer stab(T) := stab B r (T 0 ) of any T 0 in N(T) is generated by the squares in B r and the elements ij ; 3 i j r; 1;i ?1 2;i ; 3 i r; 1;3 1;r+1 ; 1;2 ; 1;i ; i > k + 2 Thus B r =stab(T) is an elementary abelian group of order 2 k?1 :
Proof. Straightforward computation. 2 A similar result was obtained in Thompson and V olklein (1998) ; where B r (S) = S] h 1;r; 2;ri is 2 for r ? (k ? 1) j r and 1 for r ? (k ? 1) > j: By de nition (see Malle and Matzat (1999) , III.5.2) the j-th braid orbit genus g j is zero. Since the oddness condition (O j ) in Malle and Matzat (1999) , III. Theorem 5.7 is ful lled, we get a geometric Galois extension of the group hSi=Z(hSi) over a rational function eld K A S = k A S (x 1 ; : : :; x r )(x) by Matzat (1991) , Satz 5.2 or see the Braid Orbit Theorem in Malle and Matzat (1999) , III Thm. 5.7. (In our case we always have A = Inn(G):) The determination of K A S relies on Satz 6.3, Zusatz 6.2 and Folgerung 6.3 in Matzat (1991) . In the proofs of the Theorems 6.1 and 6.2 the following cases occur:
Case (A): Assume that C(S) is a V -symmetric tuple, such that the classes of S 1 and S 2 are rational. Let C(S) be GL n (q)-stable. Then there is only one orbit under the pure braid group. Note that the group h i;j j 3 i ji is contained in stab(S): Now we can apply Zusatz 6.2 (1) and Folgerung 6.3 in Matzat (1991) to obtain rational function eld K A S over Q and a geometric Galois extension of K A S with Galois group isomorphic to hSi=Z(hSi):
Case (B): Assume that C(S) is a V -symmetric tuple, such that the classes T 0 1 and T 0 2 are unipotent and their union is rational. Let all other unipotent classes be rational. Thus V = V 1 V 2 is a direct product in S r?2 S 2 : Let C(S) be GL n (q)-stable. Then there is only one orbit in C(S) under the pure braid group. Note that the groups h i;j j 3 i ji and h 1;2 i are contained in stab(S): Now we can apply Zusatz 6.2 (1) and Folgerung 6.3 in Matzat (1991) to obtain a rational function eld K t over Q and a geometric Galois extension of K S with Galois group isomorphic to hSi=Z(hSi) (The proof of Satz 6.3 remains valid under the condition V = V 1 V 2 ; since h i;j j 3 i ji and h 1;2 i are contained in stab(S)).
Case (C): Assume that C(S) is a V -symmetric tuple, such that the classes T 0 1 and T 0 2 are rational. Further assume there exist orbits N(S); N(S 0 ) under the pure braid group which are permuted by h 1 i: Let V = V 1 V 2 be a direct product in S r?2 S 2 : Note that the groups h i;j j 3 i ji and h 1;2 i are contained in stab(S): Now we can apply Zusatz 6.2 (2) and Folgerung 6.3 in Matzat (1991) to obtain a rational function eld K S over Q and a geometric Galois extension of K S with Galois group isomorphic to hSi=Z(hSi):
De nition 6.3. We call an element X 2 GL n (q) a biperspectivity if X is semisimple with rk(X ? 1) = 2 or if X is unipotent with rk(X ? 1) = 2 and (X ? 1) 2 = 0:
The next proposition will be needed below to prove the primitivity of the generated subgroups:
Proposition 6.1. Let T := (T l ; : : :; T 1 ; S k ; : : :; S 1 ; U m ; : : :; U 1 ) be an irreducible tuple in GL n (q) such that T 1 is a scalar, the T i are semisimple perspectivities, the S i are semisimple biperspectivities and the U i are unipotent elements with (U i ? 1) p?1 = 0; where q = p f and p is odd. Further let k; m 1: If n ? 2 > k then hTi is a primitive subgroup of GL n (q):
Proof. Let V = V 1 V l ; l > 1; be a composition of V such that hTi permutes the V i : If there exist i and j such that U i V j 6 = V j then the unipotent element U i has a Jordan block of length at least p; a contradiction to (U i ? 1) p?1 = 0: By m > 0 we get dim(V i ) 2: Thus T i V j = V j ; j = 1; : : :; l; for all perspectivities T i : Since the V i are permuted by the biperspectivies we get dim(V i ) = 2: Taking the image of T in the symmetric group S l we get a k-tuple of transpositions and trivial elements whose product is 1 and the generated subgroup is transitive. Now the theorem of Ree (1971) gives k 2(l ? 1) = dim(V) ? 2: 2
The proof of Theorem 6.2 consists of the following two lemmata: Lemma 6.2. The groups PSp 2m (q) occur regularly as Galois groups over Q if m is even, q is odd and m > maxf (q ? 1)=2; (q + 1)=2; 2g:
Proof. Let rst q 6 = 3; q 3 mod 4 (note that this implies that ?1 is a nonsquare in F q ) and r = m+2: Let be a generator of F q and k = (q?1)=2: Let T 1 ; T 2 be re ections in GO + 2 (q) and S 1 ; : : :; S k be biperspectivities with eigenvalues i ; ?1 i ; where the i run through the primitive powers of , such that the r-tuple T := (?1; : : :; ?1; S k : : :; S 1 ; T 2 ; T 1 ) with T 1 = ?1 is rational. Note that T 1 ; T 2 di er by a nonsquare in hS k ; : : :; S 1 i; i.e. they are not conjugate in GO + 2 (q) (this follows from the rationality condition). We apply the convolution MC ?1 to this r-tuple and obtain the tuplẽ T := (U r?2?k ; : : :; U 1 ;S k ; : : :;S 1 ;T 2 ;T 1 ) in Sp 2r?4 (q) withT = ?1 by Corollary 5.3 and Lemma 2.2. Here the elementsT 1 ;T 2 are transvections,S 1 ; : : :;S k are biperspectivities with eigenvalues ? i ; ? ?1 i and U i are unipotent biperspectivities by Lemma 4.1.
Let G be the (irreducible by Corollary 3.1) group generated by the elements of the tupleT: By Proposition 6.1 and the classi cation of primitive linear groups containing a transvection by Kantor (1979) Proof. Let rst q 3 mod 4 and be a generator of F q and k = (q ?1)=2: Let T 1 ; T 2 be outer elements of order 4 in Q 2(q?1) Sp 2 (q) and S 1 ; : : :; S k be biperspectivities with eigenvalues i ; ?1 i ; where the i run through the primitive powers of , such that the r-tuple
Since C(S) is not GL n (q)-stable we have the orbit N(S) and a (GL 4r?6 (q)-)conjugated orbit N(S 0 ) under the pure braid group. We want to show that the element 1 permutes these orbits: Assume there is an element H 2 Sp 4r?6 (q); such thatS 1 = (S ) H ; where is an element of the pure braid group. By Lemma 5.2 we get hX 2 X 1 Y r?2?k Y 1 T k T 1 ; R 1 ; R 2 i as a subgroup of Q 2(q?1) ; as in the proof of Lemma 6.2. Since R 1 ; R 2 are not conjugate in Q 2(q?1) ; we get a contradiction.
If q 1 mod 4 we start with a corresponding tuple in Q 2(q+1) and proceed as above. The claim follows now from Case (C) for the groups Sp 2m (q) if m 3 mod 4 since all unipotent elements X i are rational in Sp 2m (q) by Carter (1985) , page 399.
For the remaining cases m 1 mod 4 we apply the convolution MC ?1 to the enlarged r + 1-tuple (U r?2?k ; : : :; U 3 ; ?U 2 ; ?U 1 ;S k ; : : :;S 1 ;T 2 ;T 1 ) and proceed as above.
If q = 3 then we set k = 1 and S 1 to be the (rational) element of order four in Q 2(q+1) and continue as above. 2
The proof of Theorem 6.1 consists of the following results:
Lemma 6.4. The groups SO 2m+1 (q) occur regularly as Galois groups over Q if q is odd and m > maxf (q + 1); 5g:
Proof. We start with the tupleT in Sp 2r?4 (q) as in the proof of Lemma 6.2 coming from a tuple in GO ? 2 (q): We apply the convolution MC ?1 to the enlarged tuple S := (?1; U r?2?k ; : : :; U 1 ;S k ; : : :;S 1 ; ?T 2 ;T 1 ) in Sp 2r?4 (q) and get an r + 1 tupleS := (X 2 ; S r?2 ; : : :; S 1 ; X 1 ; R) withS 1 = ?1 in GO 4r?7 (q) by Corollary 5.3. Here the element X 1 is a unipotent element with 2r ? 6 two-blocks and one three-block, R is a re ection, S 1 ; : : :; S r?2 are biperspectivities with eigenvalues i ; ?1 i and X 2 is unipotent with 2r ? 4 two-blocks.
By Proposition 6.1 we know that G is a primitive subgroup of GO 4r?7 (q): By results of Wagner (1980 Wagner ( -1981 we get G 4r?7 (q) for 4r ? 7 > 9: Since the spinor norm of the element S 1 is ?1 by Reiter (1999) , Folgerung 5.1, we have G = GO 4r?7 (q):
Since the unipotent elements are rational in GO 4r?7 (q) (see Carter (1985) , page 399) and G is self normalizing in GL 4r?7 (q) the claim follows from Case (A) for the groups PGO 4r?7 (q) = SO 4r?7 (q) if 4r ? 7 > 9:
Now we apply the convolution MC ?1 to the tuple S 0 := (?U r?2?k ; U r?3?k ; : : :; U 1 ;S k ; : : :;S 1 ; ?T 2 ;T 1 ) in Sp 2r?4 (q) and get a r-tupleS 0 = (X 2 ; S r?3 ; : : :; S 1 ; X 1 ; R) in GO 4r?9 (q); 4r ? 9 > 9; by Corollary 5.3. Here the element X 1 is unipotent with 2r ?6 two-blocks and one threeblock, R is a re ection, S 1 ; : : :; S r?3 are biperspectivities with eigenvalues i ; ?1 i and X 2 is unipotent with 2r ? 8 two-blocks and two three-blocks. Now we proceed as above to realize the groups SO 4r?9 (q). 2
Corollary 6.1. If q 3; 5 mod 8 then we obtain regular Galois realizations of the simple groups 2m+1 (q) (under the same restricitions to m; q as in Lemma 6.4).
Proof. We modify the semisimple elements S i in the tuple T in GO 2 (q) in a way Since all unipotent elements are rational in GO + 4r?6 (q) by Carter (1985) , page 399 and the diagonal automorphism permutes the classes of re ections in GO + 4r?6 (q) we get a regular Galois extension M=Q(x) for PGO + 4r?6 (q) by Case (A). Considering the Galois extension M=M PSO + 4r?6 (q) the claim follows for the groups PSO + 4r?6 (q): Next we apply the convolution MC ?1 to the r + 1-tuple S := (?1; ?U r?2?k ; U r?3?k ; : : :; U 1 ;S k ; : : :;S 1 ;T 2 ;T 1 ) in Sp 2r?4 (q) and get an r + 1-tuplẽ S := (X 2 ; X 1 ; Y r?3?k ; : : :; Y 2 ; T k ; : : :; T 1 ; R 2 ; R 1 ) in an orthogonal group in dimension 4r?8 by Corollary 5.3. Here the elements R 1 ; R 2 are re ections, T i (respectively Y i ) are biperspectivities with eigenvalues i ; ?1 i (respectively (?1; ?1)), X 1 is unipotent with 2r ? 8 two-blocks and two 3-blocks and X 2 is unipotent with 2r ? 4 two-blocks. Now we proceed as above.
Let q = 3: We start with a tuple S in Sp 2r?4 (3) (as in the proof of Lemma 6.2) that is connected to a tuple in GO ? 2 (3) and end up (as above) with a tupleS in GO 4r?8 (3):
As above we get that hSi contains a subgroup isomorphic to GU 2r?4 (3): Then we have hSi = GO 4r?8 (3) by Kantor (1979 The Deligne-Simpson problem can be formulated like this: Give necessary and su cient conditions for the choice of conjugacy classes C j GL n (C) so that there exist irreducible r + 1 tuples of matrices T j 2 C j satisfying the equality T r+1 T 1 = E n : Kostov (1999) solves this problem for the case of generic eigenvalues. One of his main tools is an additive version of the convolution operation. In this appendix we outline how to get the additive convolution for general elds K using the monodromy generators of the Jordan-Pochhammer equations:
Notation A.1. Let K be a eld and 2 K. We call T := (T r ; : : :; T 1 ) 2 Mat n (K) r a tuple in Mat n (K): If T is a tuple we denote by hTi the sub-algebra of Mat n (K) generated by T r ; : : :; T 1 and by V the natural left hTi-module of dimension n. We call T irreducible if V is an irreducible hTi-module. If T is a tuple in Mat n (K), then we set In an obvious way we can transfer all other statements in the multiplicative version in Section 2-4 to the additive case. Only in the following case we get a slightly di erent version:
De nition A.3. The symmetric group S r is generated by 1 ; : : :; r?1 ; where i = (i; i + 1): Further S r operates on an r-tuple T := (T r ; : : :; T 1 ) via T i = (T r ; : : :; T i ; T i+1 ; T i?1 : : :; T 1 ); i = 1; : : :; r ? 1: If V is a hTi-module then we denote by V i the corresponding hT i i-module. Theorem A.1. The modules C (V ) and (C (V)) respectively MC (V ) and (MC (V)) are isomorphic for all 2 S r :
Proof. Let A = (A r ; : : :; A 1 ); G = C (A) and C (A i ) =G: To prove the claim for C we have to nd matrices X( i ); such that X( i )G j = G i j X( i ):
It is readily checked that the following matrices satisfy this equation for i = 1; : : :; r ?1 :
For i < r we set X( i ) the identity matrix outside the i; i + 1-block row and block column and X( i ) (i;i+1) = 0 E n E n 0 :
Since The additive version of the Scott formula follows easily from the multiplicative version (see Kostov (1999) The following remark is well known (or see Katz (1996) 
